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Abstract 
Algebraic thinking addresses general mathematical relationships, expressing them in increasingly sophisticated ways as 
activities move from seeing patterns in number, geometry and measurement to determining solutions to more and more 
complex problems. This paper reports on an ongoing research project investigating how working on, representing and solving 
structurally related problems in a variety of ways prepares students to think algebraically as they articulate and generalise 
their solution processes. Examples of problems and their solutions by students in a Year 7 primary classroom will be 
presented and analysed to highlight how a deeper investigation of mathematical problems can instigate student discourse that 
encourages general ways of thinking underpinning algebraic reasoning rather than simply using particular strategies or 
procedures for classes of problems. The results obtained so far suggest that students are able to build general ways of thinking 
that will lead them to an algebraic perspective of mathematics beyond the mechanics and procedures often associated with 
algebra. Not only will this build confidence in ways of operating that are their own, such a development also parallels the 
historical development of algebra itself. 
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1. Introduction 
 
Recent calls for reform in mathematics education in Australia (Council of Australian Governments, 2008; National 
Curriculum Board, 2008; Australian Curriculum and Reporting Authority, 2009) have led to the introduction of a 
national Australian Mathematics Curriculum with Number and Algebra a major strand across all year levels. These 
calls reflect recognition that not only is algebra needed to fully participate in the modern world, it also provides ‘an 
academic passport for passage into virtually every avenue of the job market and every street of schooling’ 
(Schoenfeld, 1995). Moreover, as Barton (in Katz 2007) reminds us, ‘algebra is the key to any success in 
mathematics at all and abstract algebra is critical to work in advanced mathematics’ and the life and work 
opportunities that come with higher studies across a diverse range of occupations. The need to ensure more students 
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are prepared to take higher order mathematics in school and beyond is a major driving force behind curriculum 
change in Australia and many other countries. 
  
In the middle and upper primary years, the emphasis is on algebraic thinking rather than the formal algebra that will 
occur in secondary school, building concepts and ideas through the variety of activities students engage in across all 
mathematics strands, not simply number. Algebraic thinking is then founded on conceptual understanding, 
computational fluency, the reasoning of geometry, and processes associated with measurement concepts introduced 
and taught in the primary and middle school (Kaput, 2008). In this way, the thinking required to solve problems can 
be extended from methods tied to concrete situations to develop students’ ability to problem solve using abstractions 
and to operate on mathematical entities logically and independently from the material world. An ability to consider 
problems from this perspective can allow students to acquire adaptable ways of thinking, to express the 
generalisations they have arrived at and provide an entry into a meaningful use of algebraic symbolism (Carraher, 
Brizuela & Schliemann, 2003). The potential value for using problem solving contexts is that it may broaden and 
develop students’ mathematical thinking and move them beyond the routine acquisition of isolated techniques to 
develop more abstract approaches and representations (Booker & Bond, 2009; Kaput, 2008; Kaput, Blanton & 
Moreno, 2008; Schliemann, Carraher & Brizuela, 2003; Lins, Rojano, Bell & Sutherland, 2001). 
 
Yet for many students, the development of algebra in high school has often marked the end of enjoyment in 
mathematics and the onset of a feeling of mathematical inadequacy. Partly this is because a generalisation of 
number understanding is called for when meaningful conceptions of number and computation might not exist to the 
extent that they are needed (Booker, 2011). On the other hand, many students find the formalistic, abstract first 
approach difficult and unappealing whereas an entry into the subject akin to the problem-based beginnings of the 
discipline might prove as attractive to contemporary students as it was to the mathematicians, scientists and 
merchants of the times when it developed out of practical problems using models and situations that showed the 
underlying reasoning and patterns.  
 
Indeed, algebra did not begin with the symbolic reasoning most associated with the name given to us by al-
Kwarizmi in the title of his book Hisab al-jabr w'al-muqabala concerning the solution of equations, but has been 
separated into three distinct phases (Bashamakova & Smirnova 2000). At the beginning algebra was largely 
rhetorical involving the use of words and sentences, in time, evolving to a syncopated form where the words and 
actions were expressed in abbreviated forms that stood for the words and sentences used previously. Only when 
these new and general ways of solving problems were internalised could the modern conceptions of symbolic 
algebra involving special symbols, functions and structures arise. It would appear that many students follow the 
same sequence of development (Harper, 1987; van Amerom, 2002; Windsor, 2010).  
 
While it has been tempting to move as soon as possible to a formal, symbolic approach as the basis for school 
algebra, this move has not given much appreciation or meaning for algebra to many learners. For instance, as long 
ago as 1969, Skemp noted that such an approach provided only the final product of the mathematical discovery and 
did not generate in the learner the processes by which mathematical discoveries are made, as such teaching ‘the 
mathematical thought not the mathematical thinking’. Similar comments were made by Arcavi (1995) when he 
noted the many difficulties that arose when students are faced with the results and the solutions arrived at 
historically ‘without having been given time to struggle with the motivation and the issues behind the problems’. 
Consequently, both Katz (2007) and Sfard (1995) have pointed to the need for a more careful building through the 
stages and conceptions revealed in the historical development if students are to acquire ownership and power over 
the symbolic algebra they will meet and need in later study and work. Perhaps the development of school algebra 
should also take account of the views of Hobbes (1588-1679, philosopher and mathematician), on the difficulties 
symbols create:  
 
Symbols, though they shorten the writing do not make the reader understand it sooner than if it were written 
in words … there is a double labour of the mind, one to reduce the symbols to words, another to attend to the 
ideas they signify 
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2. The research project 
 
The research project reported here is intended to identify and use mathematical problem structures that promote and 
advance a generalised form of algebraic thinking that will underpin further mathematical development. This 
algebraic thinking is intended to promote particular ways of interpreting mathematics and encourage students to 
interact and engage with the generalities and relationships inherent in mathematics. However, as Lins et al (2001) 
point out “no matter how suggestively algebraic a problem seems to be, it is not until the solver actually engages in 
its solution that the nature of the thinking comes to life.” This research project is designed to investigate ways in 
which algebraic thinking can be brought to life, in particular to seek answers to the questions: 
 
1. Can problem solving be used to develop algebraic thinking in the primary school environment? 
2. To what extent are primary school students equipped to utilise algebraic thinking strategies when solving 
mathematical problems? 
3. What is the effect on students’ ability to move from arithmetic to algebra, once a broad problem solving 
approach that explicitly develops algebraic thinking has been implemented?  
 
3. Methodology 
 
Research proceeds in cycles, in which one considers and then reconsiders every aspect of the process. Even 
within cycles, insights (including those caused by failure or chance observation) may cause a reformulation 
of underlying perspective, or of what are considered salient phenomena; they may result in new 
representations, alternative data gathering or new ways of thinking about data that have already been 
gathered; and new conclusions.  Schoenfeld (2007) 
 
This qualitative research uses the method of design research (Cobb & Gravemijer, 2008) where observations and 
registration of mathematical activity by the participant observor are the prime sources of data. The study is set in a 
Year 7 class in a State Primary School that draws children from a predominately lower socio-economic background 
and has a commitment to developing mathematical learning amongst all students.  Following Cobb’s emphasis on 
the benefits of collective mathematical learning, small groups of students work on related problems, then present 
their findings to the whole class so that discussion can be instigated among the different approaches taken to what 
are in effect the same problems embedded in seemingly different contexts. Analysis of work samples from each 
group and digital video records of small group interactions, class presentations and discussion, teacher and 
researcher observations and interviews with individuals or small groups enable an assessment of the effect that the 
problem solving program and types of problem have on the development of student’s algebraic thinking. Constant 
reflection on participant actions, synthesis of both the qualitative and quantitative data generated from these 
interactions leads to a cycle of enactment, analysis and further design refinement that can allow generalisations 
about learning based on the all the different elements found within classrooms, rather than the laboratory style 
experiments that exist within other research paradigms.  
 
4. Findings 
 
This is an ongoing study and the results reported here constitute the responses of students mid-way through the 
project and indicate the type of thinking shown towards the end of the project. At this point, such analysis is in an 
early stage and more detailed consideration of the wide range of evidence gathered and the interactions among the 
various forms of data available will allow much deeper findings to emerge. None-the-less even at this early stage of 
analysis, the type of problems they are able to solve, the manner in which their solutions are found and formed and 
the way in which the results of their investigations, discussions and presentations are made all indicate a growing 
ability to think in terms of the generalisations that make up algebraic reasoning.  
 
At the outset of the study, it was surmised that students would need to develop ways of thinking that moved from 
additive to multiplicative thinking with a focus on the reasons for their ways of proceeding over the answers that 
they often see as the main reason for doing mathematics. In other words, the emphasis would be on the 
mathematical relationships apparent across a range of similar problems rather than a collection of unrelated answers. 
The use of tables in which data related to a problem and its solutions were felt to be a major step in this transition as 
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they readily allowed the relationships and similarities to be seen. In turn, these might be replaced by the use of 
counters to represent the information, assisting a move to focus on the unknown without needing to immediately 
close on a specific number or solution. Other means of doing this were also planned, such as the use of diagrams, 
graphs and a balance, as ways to develop a more general ability to reason about an unknown and lead into problems 
involving several unknowns where strategies to eliminate one of more of the unknowns using equivalence could be 
built up. It was not intended to advocate any use of abbreviations or formal symbols in this learning trajectory, but to 
see whether any might emerge both in the discussion within and among groups and whole class discussions. 
 
Phases in building Algebraic Thinking 
 
 additive 
x patterning based on  p using tables to organise and extend thinking 
 multiplicative 
 thinking 
 
 tables 
x solving for an unknown using counters 
 diagrams 
 graphs  
  
x finding unknowns several unknowns 
 understanding equivalence 
 
x reasoning as a formal system 
 
 
Mid-way during the project, when students were able to use tables to organise their thinking and were moving 
towards general methods and expressions for their solutions, a number of similar problems were given to the class. 
An initial problem to set the scene was given to all students that used small numbers so that they could seek a 
general method and then apply to the other problem the were given.  Two groups were each given one of the first 3 
problems with the fourth problem retained for those who had finished earlier.  
Whole class problem 
To ensure there was enough room for all ten chairs of a dining table setting a furniture maker needed to make a able 
that is 3 metres longer than its width. If the perimeter of the table is 14 metres, what is the width and length of the 
table? Can you draw a diagram of the table and its seating plan? 
 
In the class discussion, four different solution strategies emerged. One child used counters to see how she could get 
a perimeter of 14. A first attempt used 3 counters for the width, but this gave too large a perimeter so two were 
chosen to give the result of 14. Later, this same reasoning was used to solve problem 2 below. 
 
Emma: I had 5 counters and then another 5 counters. That’s 10 counters except when you count the perimeter it 
will be 14 counters. Some of the counters you are actually counting twice. This side and this small side as 
well. 
.  
Figure 1 
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Three groups used similar reasoning, one with a graph, plotting all the points from zero and checking which pair 
could be added and multiplied by 2 to give 13, the others starting with a result on a table and moving up or down the 
possibilities to find the required one. This same way of thinking, general in nature, was then used to solve problem 1 
shown below. 
A fourth way of solving the problem used diagrams and these children used w as a shortened way of writing width 
on both their diagram and their working. 
              
Figure 2 
One group reasoned additively: w + w + w + w + 6 is 14, so w + w + w + w is 8 and w is 2, while he other group 
reasoned multiplicatively, 
Jaiden: That’s the width. That’s width, width, width and that’s three … and I have four widths and six. 
 
Group problems 
1. A gardener has a garden bed growing tomatoes. It is a rectangular garden bed and its length is 4 metres 
longer than its width. If its perimeter is 32 metres, what is the width of the garden bed? 
 
Figure 3 
 
In their solution, Rebecca’s group started with a choice of 8 for length and moved up to a correct solution of 10 and 
6. They also checked that could not be another solution by continuing from 10 and 6 in an approach that was 
essentially additive. 
 
Rebecca: What we did from twenty-four is we counted the difference between twenty-four and thirty-two and we 
realised we were off by eight numbers so we put one more onto each and then we decided to another 
one onto each to equal thirty-two 
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During the whole class discussion, a comment by Thomas showed his multiplicative approach drawn from the table 
 
Thomas: Did you notice that each time it goes up by four … you would realised it would have been eight away so 
you could have added two to the first number straight away 
 
The remaining problems, all variations on the original format, were answered in similar ways using tables, diagrams 
or counters with one student holding onto his graphical method. 
 
2. Besser blocks are commonly used to build the walls of modern houses because they can be easily 
rendered (render is the concrete wash that hides the brickwork). A Besser block has a perimeter of 120 
cm. If a block’s length is twice its width what are the dimensions of a Besser block? How many blocks 
would be required to build a wall 2.4 metres high and 8 metres long? 
 
3. While at Hogwarts, Harry and his classmates meet in the Great Hall to eat and to listen to Albus 
Dumbledore and other teachers. Harry and the other students sit around long rectangular tables and 
plan their adventures. The length of their table is 26 metres longer than the width. If the perimeter of 
the table is 60 metres what is the length and width of the table? Can you draw a diagram of the table? 
 
4. A small square is cut into four equalled sized rectangles each with a perimeter of 15 centimetres. What 
is the perimeter of the square? 
 
When solving problem 2, Emma’s group generalised their method from the whole class problem from a counter for 
each one to a square to represent 10 cm and later to be one block 
 
 
Figure 4 
 
Of most interest is the approach by Liam’s group where a summary of all the problems was presented to show how 
they involved the same generalised approach, even including one posed with different numbers in place of the 
original numbers. 
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Figure 5 
 
In one of the last sessions, a range of problems was given to the class so that each group could choose both the 
problem it wanted and use its own solution process. While many of the children still used counters and diagrams, a 
number were now able to use their own shortened forms of recording, symbolic in all but the conventional ways of 
using x and y. 
                   
Figure 6 
 
In a stationary store, pencils have one price and pens have another. Two pencils and three pens cost 78 cents. But 
three pencils and two pens cost 72 cents. How much does one pen cost? 
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Figure 7 
 
Liam’s explanation using 1 and 2 as his symbols for the two books did not confuse him  
 
These students had moved from addition to multiplicative thinking, from using tables to represent results to use 
them to discern patterns, to represent unknowns using counters that could be manipulated to eliminate them one at a 
time to find possible values and to use diagrams as an alternative means of representing and solving problems. In the 
final sessions, some of the students had moved beyond the rhetorical and syncopated stages in determining and 
presenting their findings to begin to use their own form of symbolic representations. The stage is set, for these 
students at least, to make the move to the formal symbol system of algebra first proposed some 300 years ago. The 
algebraic thinking needed to underpin the methods and representations of algebra as it is taught in high schools has 
been built up by a carefully constructed series of problems and the students construction of increasing general 
methods of solution. 
 
5. Discussion and Conclusions 
 
Working on, representing and solving structurally related problems in a variety of ways prepares students to think 
algebraically as they articulate and generalise their solutions. Initial verbal descriptions can give way to more 
mathematically based explanations, preparing for the more concise, symbolic arguments that will eventually develop 
into algebra as it is used in further mathematics. In particular, students can be helped to construct algebraic notation 
in a meaningful way through their representations using materials, diagrams, models, tables and graphs in their 
search for patterns and generalisations. An understanding of why and how the concepts of patterning and algebra 
have emerged in mathematics can then provide a richer background to algebraic thinking to teacher and students 
alike. 
 
Algebraic thinking should not be seen as a new topic or strand added to those already in the curriculum but as a 
means of ‘tightly interweaving existing topics of early mathematics’ to provide opportunities for later learning 
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(Carraher, Schlieman & Schwartz, 2008) and provide an entry into the very symbolic contemporary and future 
world. The benefits of developing students’ algebraic thinking can offer students a more meaningful 
conceptualisation of algebra beyond the mechanics and procedures often associated with algebra in high school. 
Using a problem solving approach to develop algebraic thinking and provide an algebraic perspective of 
mathematics from the early stages of learning should enhance the long-term learning of the majority of students. 
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